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In the presence of shear is studied numerically using the Biot-Savart law It is shown that the tip region of an elongated hairpin vortex evolves into a vortex ring and that the presence of mean shear impedes the process. Evolution of a finitethickness vortex sheet under self-induction is also investigated using the Navier- A relevant computational work is that of Hama 11 who studied the deformation of an initially parabolic vortex filament by using the localized induction concept. by others.
The objective of this study is to examine the motion of a curved vortex filament or a hairpin vortex under its self-induction and in the presence of mean shear. We were particularly interested in determining whether the hairpins pinch-off into ring vortices and, if so, what factors influence this process. This paper extends Hama's work as follows: Hama used the local-induction approximation, which neglects the contribution to the velocity from other portions of the vortex. In the present work the velocity is calculated using the full Biot-Savart line integral and also by means of three-dimensional Navier-stokes equations. The Navier-Stokes computations were performed, in part, to account for viscous effects which are significant when vortices of opposite sign merge in the pinching process. Hama's work did show the evolution of a curved vortex filament into the O-shape, but his calculations were not carried far enough to indicate the possible occurrence of pinch-off. The filament may oscillate about a configuration as has been shown for an elliptic vortex ring by Dhanak and De Bernardinis. 12 In any case, it is doubtful that the local-induction approximation could lead to meaningful results when the vortex cores approach each other in the splItting process. One may consider three stages in the pinching process. the early stage where the local induction effects are dominant, the stage during which the influence of the neighboring vortices is important, and the final period where viscous stresses become significant. The Biot-Savart calculations encompass the first two, and the N avier-Stokes calculations encompass all three. We will also present the effects of a background shear flow and the presence of a wall on the evolution of the vortex filament. Finally, we will use our results to propose a model for the structure of the vorticity field in turbulent shear flows.
II. NUMERICAL METHODS
In the Lagrangian (Biot-Savart) calculations, we assume that the vorticity field is in the form of a tube of concentrated vorticity following the space-curve r(~, t) plus weak background vorticity producing a mean shear. The motion of the space curve is determined by self-induction plus an external component,
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where U is the background velocity, r is the circulation of the vortex tube, and the function 9 models the effect of distributed vorticity wIthin a core of effective radius u (see Ref. 13) . The equation of motion is valid in the thin-filament approximation: the structure of the core remains nearly constant in time and the disturbance wavelengths are larger than the core radius. In addition, we neglect the generation of new disturbance vorticity produced by the velocity field of the hairpin vortex acting upon the background vorticity (see Sec. IIIC).
For numerical purposes, the space-curves were tracked by following a sequence of node points on the curve. The function 9 was taken to be with a = 0.413 (Ref. 14) . Integration along the curve was performed by the midpoint rule and second order central differencing was used to estimate ge' . The time-integration method was third-order Runge-Kutta.
The spacing between the node points, ~, was sufficiently small so that length scales of interest would be represented accurately. In particular, if the initial minimum radius of curvature of the hairpin vortex is po, then
On the other hand, the cutoff scheme used in the thin-filament approximation generally produces spurious results for length scales smaller than u. The constraint
was also enforced to prevent the appearance of these scales.
14 A pseudo-spectral method was used for the Navier-Stokes computations. IS The flow is assumed to be between two parallel plates and is maintained by a mean pressure gradient. No-slip boundary conditions are enforced on the plates, and the flow is periodic in the streamwise and spanwise directions. In the direction normal to the walls, y, the flow field is represented by a series of 129 Chebyshev polynomials. Fourier series with 128 modes are used in each of the streamwise and spanwise directions. Thus, a total of about 2 X 10 6 collocation points were used.
Time is advanced by a second-order semi-implicit scheme.
III. RESULTS AND DISCUSSION
The results presented in sections IlIA-IIlC are obtained using the Biot-Savart law and those in Sec. IlID are obtained using the Navier-Stokes computations. The flow is in the x-direction, y is the direction normal to the wall(s), and z is the spanwise direction.
A. Evolution of an isolated parabolic vortex
The initial configuration of the vortex filament is the parabola x = -az 2 ; y = o. The constant a has the dimension of inverse length. This filament is isolated III space; that is, the effects of shear or image vortices accounting for the wall impermeablity are not included. Note that in our calculations [when U = 0 in Eq.
(1)] the actual value of the circulation r is not significant, since it can be absorbed into a re-scaling of the time-variable; the only nondimensionallength parameter is (la. We are assuming that our vortex filament is formed from the roll-up of a sheet of vorticity in a turbulent boundary layer (see section HID). The diameter of the vortex core is specified to be (l = 0.125. In In what follows, we will refer to the time required for the two legs of the filament to most closely approach reach other (as allowed by the accuracy of the computations) as the pinching time. Computations with larger core sizes (not shown) could be extended to a point where the two cores actually overlapped without encountering high local curvature in the filament. Note that our estimate of pinch-off time is admittedly crude. Because of numerical errors encountered during the pinchmg process, this estimate is probably dependent on numerical method and on the number of nodes used. However, in this study we are mainly mterested in whether pinching occurs. For further examination of the process itself, more refined techniques, such as that used by Siggia 16 should be resorted to. 
B. Effect of image vortices
To account for the wall impermeability, an image vortex is introduced in to the calculations which will also introduce another length scale. We will consider the same parabola as that in Fig. 2 (x = -z2, That is (depending on whether the flow between the vortices is toward or away from the wall), counter-rotating longitudinal vortices near a wall either merge or move apart.
C. Effect of mean shear
We approximate the effect of mean shear on the vortex filament by adding the mean velocity profile U(y) to the right-hand side of the x-component of Eq. (1).
As pointed out by Hama 17 and discussed by Aref and Flinchem 18, this treatment of the background or mean shear is an approximation which neglects the effect of the filament on the background flow. In particular, we neglect the effect of new perturbation vorticity which is estimated to be generated at a rate proportional to Fig. 2 , it is clear that the effect of uniform background shear is to inhibit or retard the pinching process. This can be explained by noting that the points with higher y-Iocations on the filament are moved at a faster rate in the x-direction than those at lower y-values, thus restraining the tip region from taking a circular shape. The effect of stretching by the mean flow is evident; the node points in the tip region are rapidly moved apart.
Next, instead of uniform shear, we impose a boundary-layer-type profile,
on the filament. With e = 3.75, this profile has the same shear rate at y = 7.5 (where the filament is placed initially) as in the uniform shear case; but it has smaller shear rates at higher y-Iocations. The evolution of the filament is shown in Fig. 6 . The lifted portion of the filament is exposed to lower shear rates, and hence the restraining effect of shear is less pronounced. In agreement with Falco's observations, these results indicate that it is more likely that vortex rings would be detected in the outer region of turbulent boundary layers. It is emphasized that the presence of mean shear is essential for the formation of elongated vortex loops or hairpins with which the calculations were initialized; but the resulting hairpins more readily pinch-off into vortex rings in regions with small mean shear.
D. Evolution of a vortex sheet
The results presented so far were obtained from inviscid Biot-Savart integral calculations which did not account for the effect of viscosity. The actual merging of the two legs of the hairpin requires a calculation that includes viscous effects. It is also desirable to initialize the computations with a flow structure that occurs often in turbulent boundary layers. In shear flows, the undisturbed mean flow is a continuum of vorticity which is in the form of an infinite sheet of finite thickness. It has been conjectured that a perturbation of this sheet by random velocity fluctuations causes it to roll up into a vortex loop which when stretched appears as a hairpin vortex. -75 125 100 The deformation of a hairpin-shaped vortex filament under self-inductlon and ln the presence of shear is studied numerically using the Biot-Savart law. It is shown that the tip region of an elongated hairpin vortex evolves lnto a vortex rlng and that the presence of mean shear impedes the process. Evolutlon of a finite-thickness vortex sheet under self-induction is also investlgated using the Navier-Stokes equations. The layer evolves into a hairpln vortex which in turn produces a vortex ring of high Reynolds stress content. These results indlcate a mechanism for the generation of ring vortices in turbulent shear flows. and a link between the experimental and numerlcal observatlon of hairpin vortices and the observation of Falco [Phys. F1Ul.ds 20, S124 (1977) ] of ring vortices in the outer regions of turbulent boundary layers. End of Document
